
Petrozavodsk Winter Training Camp 2017
Day 3: Japanese Contest, Head of Republic of Karelia Cup, Round I, Wednesday, February 1, 2017

Problem E. Randomized Binary Search Tree

Input file: standard input

Output file: standard output

Time limit: 2.5 seconds
Memory limit: 256 mebibytes

You insert N random elements with real-valued keys into a treap. Compute the probability that the
height of the treap becomes h (h = 0, 1, . . . , N − 1).

A treap is a randomized binary search tree. Each node has a key and a priority. In this problem, assume
that both values are real values between 0 and 1. In a treap, the following two conditions are always
satisfied:

1. The condition about the keys:

• For each node, its key is greater than the keys of its left child and the descendants of its left
child.

• For each node, its key is smaller than the leys of its right child and the descendants of its right
child.

2. The condition about the priorities:

• For each node, its priority is greater than the priorities of its children.

The following figure shows an example of a treap. In each node, the upper half contains the key, and the
lower half contains the priority.

When you insert a node with key x, do the following:

1. Determine the priority of the new node, p, uniformly at random between 0 and 1.

2. First, as with a standard binary search tree, ignore the priorities and insert a node based on its
key.

3. Then, while the condition about the priority is not satisfied, perform rotations and move the new
node upward.

In the following figures, a node with key 0.5 and priority 0.5 is inserted into the treap shown above.
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You choose N keys uniformly at random between 0 and 1, and insert them one by one into an empty
treap. For each h = 0, 1, . . . , N − 1, print the probability that the final height of the treap becomes h.
The real numbers are sufficiently precise, and the probability that two random numbers become the same
is zero. The height is defined as the maximum number of edges you must pass through to go from a leaf
to the root.

Input

You are given an integer N (1 ≤ N ≤ 3 · 104).

Output

Print N lines. On the i-th line, print the probability that the height becomes i− 1. The absolute error
must be at most 10−5.

Examples

standard input standard output

1 1.0

2 0.00000

1.00000
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