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Problem Tutorial: �Bin�

Let's denote the given function as fk(n), then fk(n) =
min(n−1,b k+n

2 c)∑
i=1

fk(i) · fk(n− i).

Consider the following problem: we are given n integers a0, a1, . . . , an−1 one by one, and after we get each

ai, we need to respond with ci =
∑i

j=0 ajai−j . If we can solve this problem in O(T (n)), we can solve the

original problem in O(T (n) + nk). Let's concentrate on this problem then.

If we are given all values of ai in advance, we can just convolve the sequence with itself using NTT in

O(n log n), however, the main di�culty lies in �nding the coe�cients of the convolution on the �y.

Let f(L,R) be a recursive function that solves the problem for all i ∈ [L;R), assuming that we already

have coe�cients up to i− 1-th, and also bi for i ∈ [L;R) has been calculated as bi =
∑L−1

j=i−L+1 ajai−j .

If R− L = 1, read aL and respond with cL = bL + 2a0aL if L > 0, and with c0 = a20 otherwise.

If R − L > 1, �nd M =
⌈
L+R
2

⌉
and call f(L,M) �rst. Now we want to call f(M,R), but we need to

recalculate b before that. If L > 0, convolve aL, aL+1, . . . , aM−1 and a0, a1, . . . , aM−L−1 using NTT, then

add corresponding coe�cients of this convolution to bi for i ≥ M . Otherwise, if L = 0, just convolve

a0, a1, . . . , aM−1 with itself and replace b with the result.

Time complexity of this solution is O(n log2 n).
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