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1 ÁK5


2015c8Ôèpÿ

2 ÁK�¿

-N =
∏n

i=1 pai
i ,M =

∏n
i=1 pbi

i §Ù¥pi´üüØÓ��ê"

¦òNL«¤k�ê�¦È��Yê§�Ò´N =
∏k

i=1 xi)��ê§�Y

é109 + 21��"

éuf¯K1§�¦éu¤k�êi÷v1 ≤ i < k§Ñkxi < xi+1"

éuf¯K2§�¦éu¤k�êi÷v1 ≤ i < k§Ñkxi ≤ xi+1"

éü�f¯KÑ�¦éu¤k�êi÷v1 ≤ i ≤ k§Ñkxi - M"

�kf¯K1�Y�(ò¼�3©§�kf¯K2�Y�(ò¼�6©§ü¯

Ñ�(ò¼�10©"
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3 êâ��

êâ?Ò n ai bi k

1 ≤ 5 ≤ 5 ≤ 5 ≤ 3

2 ≤ 10 ≤ 20 ≤ 20 ≤ 5

3 = 1 ≤ 1018 ≤ 1018 ≤ 25

4 ≤ 50 ≤ 103 = 0 ≤ 20

5 ≤ 50 ≤ 1018 = 0 ≤ 25

6 ≤ 50 ≤ 103 ≤ 103 ≤ 10

7 ≤ 50 ≤ 1018 ≤ 1018 ≤ 10

8 ≤ 50 ≤ 1018 ≤ 1018 ≤ 15

9 ≤ 50 ≤ 1018 ≤ 1018 ≤ 20

10 ≤ 50 ≤ 1018 ≤ 1018 ≤ 25

4 �{0�

-xi =
∏n

j=1 psi, j

j §�Ò´z�ê�Ïf©)"

÷v
∑k

i=1 si, j = a j"Ï�M - xi§¤±éu¤ki§�3 j¦�si, j > b j"

@of¯K1�du¦8Ü{si}��ê§f¯K3�du¦�­8{si}��ê"

Pe�ai, bi¥����"

4.1 �{1

�|Ñ¤k�1�Y§,��y´ÄÜ{"

Ï"�©10©"

4.2 �{2

1��:¥k ≤ 5"�Ä¦^Ä�5y����Ïf(½§Ó��ysiUi

;SØü"

�ü�cMsi,1.. j, si+1,1.. j(½�§XJsi,1.. j < si+1,1.. j§@osi, j+1 Úsi+1, j+1�m

vk��"XJsi,1.. j = si+1,1.. j§@o�ksi, j+1 ≤ si+1, j+1"

ù��ÿ�^��G�SL«��ü�cM�Ó�8ÜÚéuz�cMi´

Ä®C�3 j÷vsi, j > b j"- fi,SL«?n�ci�ÏfG��S ��Yê"Ó|
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S=£PgS ′,i, j,k L«�c8Ü�S ′§À
i�ê§oÚ� j§þ��ê�k§qÞ

z�ê���§,��#�cG�"

Ó|SG�ê�O(e2k4k)§=£E,Ý�O(e)§�kO(n)|"

�mE,Ý�O(ne3k4k)"

Ï"�©20©"

4.3 �{3

1n�:¥n = 1§-ti = si,1§¤±¯K�du¦
∑n

i=1 ti = a1§,�M - xi§

�Ò´ti > b1"

Ï�t1 ≤ t2 ≤ · · · ≤ tn§¤±Ò´t1 > b1"

Pδk−i+1 = xi − xi−1§-x0 = 0§@o
∑k

i=1 xi = δi ∗ i = a1"

¦ù��§��K�ê)§¿�éuδikδi ≥ ciù����"éuf¯K1§

kc1 = b1 + 1§éu¤ki , 1§ci = 1"éuf¯K2§kc1 = b1 + 1§éu¤

ki , 1§ci = 0"

¤±)��ê��?ê
∏n

i=1
∑

j≥ci
x ji¥1a1��Xê"

n∏
i=1

∑
j≥ci

x ji =

n∏
i=1

xci j

1 − xi =
x
∑n

i=1 ci j∏n
i=1(1 − xi)

�Ò´ 1∏n
i=1(1−xi)¥1a1 −

∑n
i=1 ci j�c�Xê"

òÙw¤��ê��)¤¼ê§ù´��~Xê�54íê�"ÏL�O

�±��O(k4 log e)"

Ï"�©10©"

4.4 �{4

�e5�Ä����z�¯K§ék�Oêé�Oê§ùk�Oêé��m

´�d�§Ó�ù
Oêé�o�k����§¦ù�k�é��8Ü½ö�­

8��ê"ùp�^S¯K?nå5�©(J§¤±·��ÏL�
Ãã=z

¤¦Xk�é��S�§½ö=z¤�k�d'Xvk��'��S'X"

3ù�¯Kp¡Oêé���3�� j÷vsi, j > b j�n��þ§���éu

,�� j÷v
∑k

i=1 si, j = a j"
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4.4.1 'u8Ü��{

Äk�Ä8Ü�Oê¯K§du¤kêiÑØÓ§¤±��¦ÑüüØÓ

��Y,�ØKk!=�"

¤kêiüüØÓ§�du k(k−1)
2 ���§si , s j§u´�±�ÄN½"

�Ò´vk����Yê~���
,�����Yê\þ��
,ü�

����Yê���(J"

éu,���si , s j§XJ��
�Ò�LXsi = s j"

XJN½¥qÞ
�Y�f8§�Ò´f8¥z���éA�ü�ê7L

�Ó§�Ò´¤kêiy©¤
eZ��da"

XJ�åqÞù
��´O(2
k(k−1)

2 )�"

5¿��'5z��da���Ò1
§äN�^SÚéA=
ê¿ØK

��Y"Ï�ùk�Oêé�´Ø�«©�"

þã�{¥qÞ��'X´´¶"·��±���g´§qÞ�da�y

©§¤±�Ò´k�
©ê§P�Pl",�éz�a
©O�§3�Y¥¬�Ú

O�Ag"

òz�ê�¤��:§�d'X�¤>§@o���da��u��ëÏ

¬"ÄkqÞëÏ¬Ú:�éA'X§�Ò´:�?Ò"

b�ù�
©¥kai�i§Ù¥k
∑k

i=1 ai ∗ i = n§@oéA'XÒ��u

rn�êy©¤eZ�ÃS8Ü��Yê"

Äkb�8ÜkIÒ§@odõ�ªXê��Y� k!∏k
i=1(i!)ai

§,����Ó

�8Ü�mq´ÃS�§¤±��ØKai!"

¤±�Yê� k!∏k
i=1(i!)ai ai!

"

:�éA�Y(½§�e5��>�Xê"

-S nL«n�:�ëÏã8Ü§e(G)L«G�>ê"

b�ù�y©�p1, p2, · · · , pm§@oXê�
∑

G1∈S p1
· · ·

∑
Gm∈S pm

(−1)
∑m

i=1 e(Gi)"

Ï�z�¦Ú�mÕá§�Ò´
∏m

i=1
∑

Gi∈S pi
(−1)e(Gi)"

Pgi =
∑

G∈S i
(−1)e(G)§¤±Xê�Ò´

∏m
i=1 gpi"

�e5�ÄXÛ¦gn§�Ò´é¤kn�:�ëÏã¦Ú§éuãG§��

�−1e(G)"

a'¦ëÏã��{§¦^N½§�Ò´Äk�Ä�8���§�Ò´n�

:ã�8Ü§~�ØëÏã���§�Ò´qÞ:1¤3�ëÏ¬"
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Äkb�kx^>§XJx = 0§@o�8���Ú�1§ÄKd��ª½

n
∑x

i=0(−1)i
(

x
i

)
= 0"

éuØëÏã§�Ä1¤3�ëÏ¬§b�kk�:§@oÒk
(

n−1
k−1

)
�8Ü§

,�é�en − k�:�¤kã��¦Ú"

XJn − k > 1§@oÚ�0§¤±��=�k = n − 1�§égnk�z§�Ò

´gn = −(n − 1)gn−1, g1 = 1§¤±kgi = (−1)i−1(i − 1)!"

(ÜùüÜ©§ÒU��z�
©é�Y��z"

ù��´±O(Pk)Ú�	���eZ��da=z�S�¯K§�Ò´vk


S'X"�d'X'S'XÐ?n�õ"

4.4.2 'u�­8�N½�n�{

a'þ¡��{§�±ùo�§Äk�±qÞz«�da�
©S§b��

�©O�p1, p2, · · · , pm§,�O�ÑTÐkp1 �ê�Ó§p2�ê�Ó��§,

�zaê�müüØÓ��Yê"z«
©�­EO��gêÑ´�Ó�"

Äk�Äz��da­EO��gê§,�òÙØ��ÑkS��Y"é

uz��da§¦Ñ��Y��uU,�^SüS
§�keZ����Ó�

�daØ�«©"XJ��
©kai����i��da§Ù¥k
∑k

i=1 ai ∗ i = n§

@oùai�´Ø�«©�§¤±�­EO�
ai!g"¤±ù��Y�­EO�



∏k

i=1 ai!§3o�Y¥ØK=�"

�e5�O���daT�,«y©��Yê"8Ü�Ò´üüØÓ�ù

�¯K���A~"

XJ¦^N½§éu��y©§���zü��da�m�êiüüØÓ"

¤±�±�åqÞù
��§,�N½"

ù����d�O(2
k(k−1)

2 Pk)"

�e����Ò´¯�O�éu
©�m�N½Xê"


©�m�¤
 S8§XJ
©SÏLÜ¿Ù¥,
�daU��T§@

o¡�S ≤ T"

- f (S )L«¤k�daT÷vS ≤ T�y©��Yê�Ú§g(S )L«�da

T�S�8Ü"

@o f (S )Ò´éuz�y©dpÑ5��Y§ f (S ) =
∑

S≤T g(T ) ∗ w(S ,T )§Ù

¥w(S ,T )L«­E��Yê§�Ò´T ù�y©�U3S¥�Oêõg"
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�O��´g(S ) =
∑

S≤T f (T ) ∗ µ(S ,T )§�Ò´�O�µ(S ,T )"

�ÄGØdp§ÄkqÞ8ÜS§,�zgÀÑ��f8§òÙÜ¿¤��

�êi"aqc©�Øy��òi��daÜ¿����(−1)i−1(i − 1)!§
��

�Y������¤k�daÜ¿���È"

�
��­EOê§�±éf8?1?Ò§�Ò´4zgÀÑ�f8?Ò

4O§¤kf8�ê�
∑k

i=1 Pi"

@oG��±L«�dpS 1,S 2,p§=y3®²À�?Ò31 ≤ p�m�f8§�

cÀÑ�f8Ü¿��ê8Ü�S 1§�evÜ¿�ê8Ü�S 2���oÚ"

=£��ÿb��c�ÄÜ¿f8T§@o=£�S 1 ∩ {
∑

T }, S 2\Tù�G

�§Ù¥
∑

TL«T¥ê�Ú§Ó�¦þòTù�8ÜS�daÜ¿���Ú

3S 2¥ÀÑTù�f8��Y"XJTù�f8�í�
kg§@o�3��Ø

Kk!ù�Xê§Ï�ùk�f8Ø�«©"

ù�oG�ê�O((
∑k

i=1 Pi)3)§,
é,�S�8Ü���ÿ§S 1�½´S�

f8UÜ¿Ñ5�G�§S 2�½´S�f8§p���éS�f8?Ò=�§¤

±���Ø�þ¡�E,Ý"

�Ä����Y§òg(S )�ÜL«¤ f (S )��5|Ü§@o�Y�½U�

L«¤ f (S )��5|Ü§�Ò´
∑

f (S ) ∗ w(S )"

·���ý?nÑw(S )òÙ�L=�"ù��U)ûK8¥���k = 25"

4.4.3 'u�­8�BurnsideÚn�{

���Ý�Ä¯K§@o�­8��uÒ´¯33¤kk����Ò´

é¡+S k�^eØÓ�����ê§=3é¡+S k e;���ê"¤±�±

^BurnsideÚn)û"

éu,���P§òÙ
¤eZ�Ó�§XJ���Y3ù���eØCÒ

��u3Ó��Ó�¥����Ó"

¤±��u����ò�
��y©¤
eZ��da"qÞ�da�y

©§�Ò´k�
©§,�O�õ����éA��da´ù��"

Úc¡�Ó§Äk�Äò��y©�eZ��da��Y"b�ù�
©

¥kai�i§Ù¥k
∑k

i=1 ai ∗ i = n§�Yê� k!∏k
i=1(i!)ai ai!

"

,�éu��Ó��Ý�i§@oéAX(i − 1)!��ü�§¤±�Y

� k!∏k
i=1 iai ai!

"
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4.5 �{5

þ¡��{�ØU��)ûù�¯K§Ï�§�´=z�
keZ��d

a��Yê"éuù�¯K¥AÏ�Oêé���AO�Ä"

Äk�Ä��{ü�¯K=vk����¹"3þ�Ú=zeÒC¤,


Cþ´���§,�z��\å5Ú��uù��éA��"

@o��z��Ñ´Õá�§�Ò´�Ñz��©)¤eZ��da§,

�ò¤k�Y¦å5��Yê"

b��da����p1, p2, · · · , pm§ù��oÚ�a§@oÒ´ò
∑m

i=1 pixi =

a��K�ê)��ê"

@o�±3O(ma)��d^��)û§dpi,sL«�
ci��da§oÚ�s§

@odpi,s = dpi,s−pi + dpi−1,s"

¤±ù�¯K�±3O((nk + e)Pk)S)û"

P f (N, k)L«òN©)¤k�î�4O�ê��Yê§g(N, k)L«òN©)

¤k�Øü�ê��Yê"

£��¯K§éubi = 0��¹Ò´xi , 1"

éuf¯K2§�YÒ´g(N, k) − g(N, k − 1)§�Ò´�Kx1 = 1��Yê"

éuf¯K1§-h(N, k)L«òN©)¤k�î�4O�ê�1��ê�

L1��Yê§@oh(N, k) = f (N, k) − h(N, k − 1)"�Ò´XJx1 = 1§@o�½

kx2 ≥ 2"¤±����Y�
∑k

i=0 f (N, i)(−1)k−i"

�mE,Ý�O((nk + e)
∑k

i=1 Pi)"

Ï"�©10©"

4.6 �{6

�e5�ÄXÛ?n�3�� j÷vsi, j > b j�n��þ�Oê¯K"

�Ä¦^N½§XJØ�3 j÷vsi, j > b j§�Ò´si, j ≤ b j"

éuz��da§qÞéA�Cþ´Ä�����Ò´M��ê"XJ�

�Cþ��
��§�Ò´z��ØU�Lb j"

b��da����p1, p2, · · · , pm§-dpi,sL«�
ci��da§oÚ�s§

@odpi,s = dpi,s−pi + dpi−1,s − dpi,s−(b j+1)∗pi"=~�ù���Lb j��Y"

�mE,ÝO(Pk2k(ke + n))"

Ï"�©30©"
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4.7 �{7

Äk�Ä\¯N½��¹§XJkai����i��da§@oùai��d

a´Ø�«©�§�Ò´XJÙ¥x���
��§éA��¹ê�
(

ai
x

)
(−1)x"

¤±éu��y©§���
∏k

i=1(ai + 1)«�¹ÒÐ
"

�k = 25�¤ky©��¹oÚ�129512§�
�B£ã§òù�P�k�

��¼êQk"

�X�Ä�e��ÿ��¹"Äk�Ävk����¹§b��c�da

����p1, p2, · · · , pm§éu��bÒ´¦
∑m

i=1 pixi = a��K�ê)"ë��

{3¦^)¤¼êÚ�OU3O(k2 log e)�mS)û"

�
?�Ú`zE,Ý§Äky²��Ún"

Ún:
∑m

i=1 pixi = a��K�ê)�ê´��±a�lcmm
i=1 pi�±Ï�'ua�

gêØ�Lm − 1�õ�ª"

{ü�y²§ù��u 1∏m
i=1(1−xpi )�1a�§�±ò©1�¤k�¦Ñ5§

L«¤eZ�(1 − ωi
jx)�¦È",��½�±
¤eZ�Ü©©ª§�Ò

´ p(x)
(1−ωi

j x)k�Ú§Ù¥p(x)���'ux�gêØ�Lk − 1�õ�ª"

éuz�§©1�±^��ª½nÐm 1
(1−ωx)k =

∑
i≥0

(
i+k−1
k−1

)
ωixi§Ù¥

(
i+k−1
k−1

)
´

��gêØ�Lk − 1�õ�ª§b�ω´ jgü �§@où�Ü©´� j�±Ï

�õ�ª"´yòù��?ê¦þp(x)�kÓ��5�"

¤±eZ�\å5ÒkÚn�(Ø
§¿�gêØ�L­ê�õ���Ò

´1�­ê"

XJ��
cm ∗ lcmm
i=1 pi����§@o�±3O(m)��mE,ÝS¦Ñ

,���"

Äk�±���±Ï�m + 1�� f (0), f (1), · · · , f (m)§b��¦�´ f (n)§

@od.�KF��� f (n) =
∑m

j=0(−1)m− j f ( j)
∏m

i=0(n−i)
(m− j)! j!(n− j)"ù��±3O(m)S�

Ñ"

�
�B£ã§-¤k
©¥éA�������P�Rk"�k = 25�§

Rk�5040"

3qÞù

©��ÿ�±^dp^B�ÑùRk�Ð�"

�X�Äù
��"éu1 j�§XJ�����pi��daSê�U

�0 · · · b j§@oéA�)¤¼ê�
1−x(b j+1)pi

1−xpi "¤±©1�
∏m

i=1(1 − xpi)§©f¥Ï

��êÑ�(b j + 1)��ê§¤±�±�¤xb j+1�mg�õ�ª§3O(m2)E,Ý
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SÐm§¿�éun�/ªÑ�Ó"

d�©f�õkm�§@o�±éz�©O�é�Y��z"b�1i�

�wxc§@oéA��Y� 1∏m
i=1(1−xpi )�1a − c�¦þw§¤±�±3O(nk2)��m

E,ÝS�Ñ�Y"

5¿éuz�
©§z���¦���a j, a j − (b j + 1), · · · , a j − m ∗ (b j + 1)§

ù
��±3O(nk2)S�mý?nÑ5§�±òþ¡z�N½�E,Ýü

�O(nk + k2)"

¤±o�mE,Ý�O(Rk
∑k

i=1 Pi + nk2Pk + (nk + k2)Qk)§Ï"�©100©"

5 o(

�K´��JK§Ì��	ÀÃ�OêY²§�)BurnsideÚn§N½�

n§)¤¼ê§õ�ª��¡��£Ú(¹�$^"�,ù
�£ÑéÄ:§

�´Ó�Ñy3��K8¥¿�(¹$^ù
Ãã�)û¯K�´(J�"

ýO8Ôèpÿ¥k0 ∼ 2¶ÀÃ��50©±þ�©ê§ÀÃ�±�âÝ\

��m��Ù¥�A�Ü©©"
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